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Rings with local Pierce stalks first became of interest when Monk 
characterized commutative xchange rings as commutative rings with local 
Pierce stalks [7, Theorem 31. In [3], Burgess and Stephenson gave several 
characterizations of non-commutative rings with local Pierce stalks 
including a generalization of Monk’s Theorem: A ring has local Pierce 
stalks if and only if it is an exchange ring all of whose idempotents are 
central [3, Theorem 3.41. 
We first show that an R-module A has local Pierce stalks precisely when 
there is an a E A such that every element of A is of the form c + ea where 
c is a generator of A and e is a central idempotent of R. For A = R this 
implies Burgess and Stephenson’s Theorem: a ring has local Pierce stalks 
precisely when every element is the sum of a unit and a central idempotent. 
We next extend a characterization of projective modules with the finite 
exchange property, given by Nicholson, to quasi-projective modules. This 
is used to generalize Burgess and Stephenson’s generalization of Monk’s 
Theorem to: The following are equivalent for any finitely generated 
quasi-projective R-module A: (i) A has local Pierce stalks; (ii) The endo- 
morphism ring of A has local Pierce stalks and every central idempotent of 
the endomorphism ring of A is left multiplication by a central idempotent 
of R; (iii) A has the exchange property and every idempotent of the 
endomorphism ring of A is left multiplication by a central idempotent of R. 
We include an example which demonstrates that the above is false without 
the hypothesis that A is quasi-projective. The trivial case, a finitely 
generated quasi-projective module is local if and only if its endomorphism 
ring is local, extends a theorem of Ware’s [ 13, Theorem 4.21. 
Throughout this paper R denotes an associative ring with an identity 
and all modules are unitary. 
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~.MODULES WITH LOCAL PIERCE STALKS 
We shall call an R-module A local if it contains a (unique) maximal sub- 
module which contains every proper submodule of A. It is convenient to 
also include the zero module in the class of local modules. Clearly, for any 
ring, local as a ring is equivalent to local as a module over itself. Note that 
in [S, 133, a local module was also assumed to be projective. Trivially, a 
local module is cyclic since every element outside the maximal submodule 
is a generator. Since O@ Z,,Z is the unique maximal Z-submodule of 
z, 0 q= where p and q are distinct primes, this is not equivalent to 
assuming the existence of a unique maximal submodule, as local is defined 
in [S]. Trivially every proper submodule of a local module is superfluous, 
however, the L-module Z,,. demonstrates that the converse fails. 
1.1. LEMMA. The following are equivalent for any non-zero R-module A: 
(i) A is a local R-module; 
(ii) A is finitely generated and has a unique maximal submodule; 
(iii) A is finitely generated and every proper submodule is superfluous; 
(iv) There exists an element a E A such that for every b E A, either b or 
a - b generates RA. 
Proof: (i) o (ii) o (iii). These are clear since every proper submodule 
of a finitely generated module is contained in a maximal submodule 
f 1, Theorem 2.81. 
(i) * (iv). Let Ra= A and let b E A. Then Rb + R(a - 6) = A and so 
either Rb = A or R(a - b) = A. 
(iv) = (iii). If B, + B, = A then b, + 6, = a for some bi E Bi. Since either 
b1 or 6, = a - 6, generates A, every proper submodule is superfluous. 1 
Let B(R) denote the Boolean ring of central idempotents of a ring R and 
let X denote the spectrum of maximal ideals of B(R). Let A be a left 
R-module, let x E X, and let S = B(R)\x. The Pierce stalk of A at x is 
A, = S’A and is isomorphic to A/xA. For each UE A, we shall let a, 
denote the image of a in A,. An R-module A is said to have local Pierce 
stalks if A, is a local R-module for every x E X. 
As R-modules, A is isomorphic to the module of global sections of the 
sheaf of the disjoint union of the Pierce stalks over X [lo, Theorem 4.51. 
For our purpose it suffices to understand the Stone topology on X which 
has basis elements N(e) = (XE X) e $x} for each eE B(R). With this 
topology, X is compact, Hausdorff, and totally disconnected. Furthermore, 
the basis is closed under complements, finite intersections, and finite unions 
via N(e)“=N(l -e); N(e)nN(f)=N(e A f)=N(ef); N(e)uN(f)= 
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N(e v f) = N(e +f-eJ). From these follow the “standard tool of Pierce 
Sheaves”: If there exist module properties {P,, . . . . P, } and a cover of X 
consisting of basis elements U, such that for each U, there exists an i such 
that property Pi holds for every x in Ii, then there exist disjoint basis 
elements N(ei) whose union is X such that for each i property Pi holds for 
every x in N(ei). (Further details about Pierce Sheaves may be found in 
c2,4, 10, 121.1 
1.2. THEOREM. The following are equivalent for any finitely generated 
R-module A: 
(i) RA has local Pierce stalks; 
(ii) For every finite generating set {a,, . . . . a,> of RA there exists a 
(complete) set {e, , . . . . e,} of central orthogonal idempotents of R such that 
e,a, + . ‘. + enan generates RA; 
(iii) There is an a E A such that for every b E A there exists a central 
idempotent e of R such that b - ea generates RA. 
Proof. (i) * (ii). Let (a,, . . . . a,, } be a generating set for RA. For each 
x E X define a neighborhood of x as follows. 
Since Ra, , + . . + RanY = A, is local, Ra i, = A,X for some i. Then for each 
j, a,V = r,a, for some r,E R and so there exist e,E B(R)\x such that eja,i= 
ejria,. Let e=e,e,...e,,, then e$x, ea,=er,a,, and (ea,),=aiY. Since 
a,, = r,ai, for every YE N(e), the neighborhood U, = N(e) of x has the 
property that for every YE U,, a,Y generates A,. 
By the standard tool of Pierce sheaves there exist disjoint basis elements 
N(C;) such that N(C,) CJ ... c) N(t?,) = X and for each iE { 1, . . . . n} and for 
each ye N(d,), ai, generates A,. It follows that {Z1, .. . . i?,,} is a complete set 
of central orthogonal idempotents. Let c = 6, a, + . . . + $,,a,,. Since each 
y E X is in exactly one N(C,), c, = a,? for this i. Thus Rc, = A, for every 
yEX and so Rc= A [12,2.11]. 
(ii) * (iii). Let a E A be a generator of RA and let b E A. Then (b, b - a} 
generates RA and so there exist central orthogonal idempotents e, f 
of R such that fb + e(b - a) generates RA. Since fb =f (b - ea) and 
e(b-a)=e(b-ea), we have A=R.(fb+e(b-a))cR.(b-ea)cA. 
(iii) * (i). If A satisfies (iii) then so will A,. Whence either b, or b, - a, 
generates A,. 1 
Notice that statement (iii) above may be stated “there is an ae:A such 
that every element of A is the sum of a generator and ea for some central 
idempotent e of R.” Whence this generalizes Burgess and Stephenson’s 
Theorem [2, Proposition 1.21 “a ring has local Pierce stalks if and only if 
every element is the sum of a unit and a central idempotent”. 
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1.3. COROLLARY. A finitely generated R-module A has local stalks if and 
only tf for every finite generating set {a,, . . . . a,,} of RA there exists a 
complete set {e,, . . . . e,} of central orthogonal idempotents of R such that 
A = Re,a, @ .‘. 0 Re,a,. 
Proof (a). This follows from (ii) since the idempotents are central 
and orthogonal. 
(t). Sinceeiai=ei.(e,a,+ . ..+e.a,,)~R(e,a,+ . ..+e.,a,,), R(e,a,+ 
. . . + e,a,) contains a generating set of RA and hence equals A. 1 
Notice that the statement “there is an a E A” in Lemma 1.1 and Theorem 
1.2 may be replaced by the statement “RA is cyclic and for every generator 
a E A”. However, the statement “for every generating set” in Theorem 1.2 
and Corollary 1.3 can not be replaced by “there exists a generating set” 
since the statements are trivially true for for every generating set of size 
one. 
Since the homomorphic image of a local R-module is local and since the 
functor ( ), z ( ) OZ R, is exact, the homomorphic image of an R-module 
with local Pierce stalks has local Pierce stalks. Thus: 
1.4. PROPOSITION. Every cyclic R-module has local Pierce stalks zf and 
only tf R has local Pierce stalks. 
Let A be an R-module and let I= Ann,(A). Since the stalks of R,,A are 
homomorphic images of the stalks of RA, R,,A has local Pierce stalks 
whenever RA has local Pierce stalks. The following example shows that the 
converse fails. 
1.5. EXAMPLE. Let k be a field, let D be the diagonal subring of M,(k), 
and let R be the subring of nN M,(k) consisting of sequences which are 
eventually constant and diagonal, that is, R = { (ai) E nN M,(k) 1 for some 
n, a, ED and ai = a, for all i > n}. Let x E X be the set of central idem- 
potents of R consisting of sequences which are eventually zero and let 
A = R, g D. Then A has only one non-zero stalk, itself, and RA is not local. 
However, for I= Ann,(A), R,,A z n D does have local Pierce stalks. 
2. SUITABLE MODULES 
Burgess and Stephenson characterized rings with local Pierce stalks as 
exchange rings all of whose idempotents are central [3, Theorem 3.43. To 
generalize this to modules we use Nicholson’s characterization of an 
exchange ring as a suitable ring [9, Theorem 2.11. 
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An R-module A is called suitable if for every pair of comaximal sub- 
modules B + C = A, there exists a direct summand B’ of A contained in B 
and comaximal to C. A module A is called strongly suitable if whenever 
B,+B,+ ... +B,=A there exist B:<Bi such that B;@B;@ ...@BL 
= A. A ring is a suitable ring if it is suitable as a left (equivalently right 
[IS, Theorem 2.11) module over itself. In general, suitable and strongly 
suitable are distinct. Nicholson, however, has shown that for projective 
modules they are equivalent to each other and to the finite exchange 
property [9, Proposition 2.91. Vacuously, every local module is strongly 
suitable. 
The term “suitable” was first used by Jacobson in the context “suitable 
for building idempotents”. For example, a ring is a suitable ring if and only 
if idempotents lift modulo every left ideal [9, Corollary 1.31. The following 
demonstrates that in our context “suitable for building idempotents” refers 
to the endomorphism ring of RA. 
We shall say that direct summands (finite decompositions) lift modulo a 
submodule B of A if every direct summand (every finite decomposition) of 
A/B is the image of a direct summand (decomposition) of A. 
2.1. LEMMA. A module is a suitable module zf and only tf direct sum- 
mands lift module every submodule. If the module is strongly suitable then 
finite decompositions lift module every submodule. 
Proof. Assume that A is suitable, let A= A/D and suppose that 
B@ C = A. Then B + C = A where B and C are the inverse images of B and 
C. Thus B’ + C= A for some direct summand B’ of A in B. Let 
B’ = (B’ + D)/D. Then B’ + C = A and i? < B. Thus B’ = B and so the 
direct summand B lifts to the direct summand B’. Conversely, assume that 
direct summands lift, let B + C = A, and let D = B n C. Let B and C be the 
images of B and C in 2. Then B @ C = A/D and so B lifts to a direct sum- 
mand B’ of A. Since B = (B’ + D)/D and since D < C, B’ + C = A and so A 
is suitable. The verification of the second statement is similar. 1 
Throughout the rest of this paper we shall let E denote the 
endomorphism ring, End(,A), of the R-module A. The following charac- 
terization of strongly suitable modules demonstrates, by Corollary 1.3, that 
every module with local Pierce stalks is strongly suitable. 
2.2. PROPOSITION. The following are equivalent for any finitely generated 
R-module A with endomorphism ring E: 
(i) RA is strongly suitable; 
(ii) For every finite generuting set {a,, . . . . a,,} of RA there exists a 
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(complete) set (a,, . . . . a,} of orthogonal idempotents of E such that 
aiciE Ra, and A = Ra,cr, @ . . . @ Ra,a,; 
(iii) For every finite generating set {a,, . . . . a,} of RA there exist 
elements ri of R such that A = Rr,a, @ . . Q Rr,a,. 
ProoJ (i) +- (ii). Let {a,, . . . . a,} be a generating set of RA. Then 
Ra, + ... + Ra, = A and so there exist idempotents cri of E such that 
Aai < Ra, and Ao, 0 . 0 Ao, = A. Hence { CJ,, . . . . gn > is a complete set of 
orthogonal idempotents of E. Since Aa,. bi < Rai ai < A. ai we have 
Aai = Ra,a,. 
(ii) * (iii). Since aiai E Rai, aiai = riai for some ri E R. 
(iii)*(i). Let B, + . . . + B, = A. Since RA is finitely generated there 
exist cyclic submodules Raij of Bi such that Ra,, + ... + Ran,,, = A. By 
hypothesis, there exist rV of R such that Rr,,a,, @ . @ Rrnmanm = A. The 
desired decomposition is defined by B: = ei RrVa,. 1 
2.3. THEOREM. The following are equivalent for any finitely generated 
R-module A with endomorphism ring E: 
(i) RA has local Pierce stalks; 
(ii) RA is strongly suitable and every idempotent of E is in the image 
of B(R); 
(iii) RA is suitable and every idempotent of E is in the image of B(R). 
ProoJ: (i) =z= (ii). By Corollary 1.3 and Proposition 2.2, RA is strongly 
suitable. By Theorem 1.2, A is cyclic and so let Ra = A and let a be any 
idempotent of E. Then { aa, a( 1 - a)} generates RA and A = Aa @ A( 1 -a) = 
Raa @ Ra( 1 - a). By Corollary 1.3, there is a central idempotent e of R 
such that Reaa@ R( 1 - e) a( 1 - a) = A. Letting Z be the image of e in E, 
we have Ae”a@A(l-e”)(l-a)=A. Since Aa@A(l-a)=A, since 
AZaaAa, and since A(l-e”)(l-a)cA(l-a), we have Ae”a=Aa and 
A( 1 - .?)( 1 - a) = A( 1 - a). Since ?a = aP it follows similarly that APa = Ae’ 
and A(l-P)(l-a)=A(l-2). Whence Aa=AZ and A(l-a)=A(l-Z) 
and so by the uniqueness of the idempotent of decomposition, e”= a 
[ 1, Proposition 5.71. 
(ii) * (iii). Clear. 
(iii)*(i). LetxEXandassumeB,+C,=A,.ThenB+C=AwhereB 
and C are the inverse images of B, and C,, respectively, and so 
Aa + C = A for some direct summand Aa c B of A. Since a is the image of 
some eEB(R), we have eA+C=A and so e,A,+C,=A,. Since, e., is 
either 0, or l,, either B, or C, equals A, and so every proper submodule 
of A, is superfluous. Clearly A, is finitely generated and so A, is local. m 
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2.4. Remark. The generalization of the definition of a strongly suitable 
module to arbitrary indexing sets, called property (N), for Nicholson, has 
been related to modules with the exchange property in [6, 111. For a 
finitely generated module RA, if C B, = A then B,, + . . + B,” = A for some 
finite subset {ai} of {a} and hence property (N) and strongly suitable coin- 
cide for finitely generated modules. Whence “strongly suitable” may be 
replaced by “property (N)” in all of the above. 
3. QUASI-PROJECTIVE MODULES AND THE EXCHANGE PROPERTY 
An R-module A has the exchange property (see [7,9, 141) if for every 
R-module B and every decomposition B = A’ @ C = @I Bi with A’ z A, 
there exist submodules B: <: Bi such that B = A’ 0 ( 0, B:). If this property 
holds for every finite indexing set I, then RA is said to have the finite 
exchange property. Clearly the finite exchange property implies the 
exchange property for finitely generated modules. Nicholson has shown 
that suitable, strongly suitable, and the finite exchange property are 
equivalent for projective modules. A portion of this extends to quasi- 
projective modules. 
3.1. THEOREM. A quasi-projective module is a suitable module if and only 
if it has the finite exchange property. 
Proof: ( * ). This direction of Nicholson’s proof [9, Lemma 2.8 and 
Proposition 2.91 extends to quasi-projective modules. 
( = ). Let B be a direct summand of A = A/C. Then i? = AC for some 
17’ = ~7 EEnd( .A). Let q:A + 1 be the canonical map. Since RA is quasi- 




commutes. Hence & = (Ad + C)/C. Consider the left ideal I = Horn ,& A, C) 
of E. Since I?* = 0, we have 4’ - 4 E I. Hence, as left E-modules, (E/Z) .$ is 
a direct summand of E/I. Since RA has the finite exchange property, EE is 
suitable [9, Theorem 2.11 and so the direct summand (E/Z) .d lifts to a 
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direct summand Ea of E. Thus 4 - 0 E I and so B = 25 = (Ao + C)/C = 
(Aa + C)/C. Therefore the direct summand B lifts to the direct summand 
Aa and hence A is a suitable module. m 
A ring is called an exchange ring if it has the exchange property as a left 
(equivalently, right [14, Corollary 21) module over itself. By the above, 
this is equivalent to RR being suitable. Applying Theorem 2.3 to RR we 
have: 
3.2. PROPOSITION [3, Theorem 3.41. A ring has local Pierce stalks if 
and only tf it is an exchange ring and every idempotent is central. 
Since RA has the finite exchange property if and only if E is an exchange 
ring, we may generalize the above to modules: 
3.3. THEOREM. The following are equivalent for any finitely generated 
quasi-projective R-module A with endomorphism ring E: 
(i) RA has local Pierce stalks; 
(ii) RA has the exchange property and every idempotent of E is in the 
image of B(R). 
(iii) E has local Pierce stalks and the canonical map from B(R) to B(E) 
is surjective. 
Proof (i) * (ii). If RA has local Pierce stalks then, by Theorem 2.3, 
every idempotent of E is the image of B(R) and RA is suitable. By 
Theorem 3.1 , RA has the finite exchange property and since it is finitely 
generated, the unrestricted exchange property follows. 
(ii) * (iii). Since the image of B(R) in E is central, this follows from 
Proposition 3.2. 
(iii) = (i). If E has local Pierce stalks then E has the exchange property 
and every idempotent of E is in B(E). Thus RA has the finite exchange 
property [14, Theorem 21 and so, by Theorem 3.1, RA is a suitable 
module. By Theorem 2.3, RA has local Pierce stalks. m 
By Proposition 3.2, (ii) and (iii) are equivalent for all finitely generated 
modules, moreover, they would be equivalent for every module if 
“exchange” is replaced by “finite exchange” in (ii). The following examples 
demonstrate that the first half of (ii) and (iii) do not suffice and without the 
hypothesis that RA is quasi-projective, properties (ii) and (iii) do not imply 
property (i). 
3.4. EXAMPLE. (a) The first half of (ii) and (iii) in Theorem 3.3 do not 
suffice. 
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Let R be the upper triangular matrix ring over a field k and let 
A = R/J(R). Then J is a quasi-projective module and its endomorphism 
ring, E z k x k, is a commutative ring with local Pierce stalks. Hence E is 
an exchange ring and RA has the (finite) exchange property, however, RA 
does not have local Pierce stalks. 
(b). Properties (ii) and (iii) need not imply property (i) for finitely 
generated modules. 
Let R be the ring in Example 1.5, let Z denote the center of R, and 
consider R as a module over its enveloping algebra R’= R 0 zR”P where 
multiplication is given by 2 (ai@ bi) . r = C ai rbi. Since Z has local Pierce 
stalks, Z is an exchange ring. And since Z is the endomorphism ring of RrR, 
RC.R has the exchange property. The Pierce stalks of R as a ring are the 
stalks of R as an R’-module and the two-sided ideals of R are the 
submodules of R as an R’-module. Since the Pierce stalk given in 
Example 1.5 is not local as an R’-module and so .,R does not have local 
Pierce stalks. 
Ware has shown that a projective module is local if and only if its 
endomorphism ring is local [ 13, Theorem 4.21. The trivial case of the 
above theorem generalizes this to finitely generated quasi-projective 
modules. 
3.5. COROLLARY. A finitely generated quasi-projective module is local if 
and only if its endomorphism ring is local. 
Proof: If either the module A or the ring E is local then B(E) = (0, 1 }, 
so B(R) + B(E) is onto, and therefore we may apply the above 
theorem. 1 
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